
module gcd

extends Integers, TLAPS

Number
∆
= Nat \ {0}

Divides(p, n)
∆
= ∃ q ∈ Int : n = q ∗ p

DivisorsOf (n)
∆
= {p ∈ Int : Divides(p, n)}

SetMax (S )
∆
= choose i ∈ S : ∀ j ∈ S : i ≥ j

GCD(m, n)
∆
=

SetMax (DivisorsOf (m) ∩DivisorsOf (n))

lemma Div
∆
= ∀m, n ∈ Number :
∃ d ∈ Number :
Divides(d , m)Divides(d , n)⇒ Divides(d , m + n)

〈1〉 suffices assume new m ∈ Number ,
new n ∈ Number ,
new d ∈ Int ,
Divides(d , m),
Divides(d , n)

prove Divides(d , m)Divides(d , n)⇒ Divides(d , m + n)
〈1〉1. pick q ∈ Number : m = q ∗ d
by def Divides
〈1〉 qed

theorem GCD1
∆
= ∀m ∈ Nat \ {0} : GCD(m, m) = m

〈1〉 suffices assume new m ∈ Nat \ {0}
prove GCD(m, m) = m

obvious
〈1〉1. Divides(m, m)
by def Divides
〈1〉2. ∀ i ∈ Nat : Divides(i , m)⇒ (i ≤ m)
by def Divides
〈1〉 qed
by 〈1〉1, 〈1〉2 def GCD , SetMax , DivisorsOf , Divides

theorem GCD2
∆
= ∀m, n ∈ Number : GCD(m, n) = GCD(n, m)

by def GCD , SetMax , DivisorsOf , Divides

theorem GCD3
∆
= ∀m, n ∈ Number : (n > m)⇒ (GCD(m, n) = GCD(m, n −m))

〈1〉 suffices assume new m ∈ Number , new n ∈ Number ,
n > m

prove GCD(m, n) = GCD(m, n −m)
obvious
〈1〉 ∀ i ∈ Int : Divides(i , m) ∧Divides(i , n)
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≡ Divides(i , m) ∧Divides(i , n −m)
by def Divides
〈1〉 qed
by def GCD , SetMax , DivisorsOf , Divides
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